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, cohomogeneity one action ,
. ,
. , $\mathrm{H}\mathrm{u}\mathrm{l}\mathrm{l}$ ( ) J\"urgen Berndt ([2])
.
1
, cohomogeneity one action , ,
.
1.1 cohomogeneity one action ,
1 .
, .
1.2 cohomogeneity one action :
(i) SO(n) $\mathbb{R}^{n}$ . , {0} , $S^{n-1}$
.
(ii) $\mathbb{R}^{n-1}$ $\mathbb{R}^{n}$ . , ,
$\mathbb{R}^{n-1}$ .
(iii) SO(k) $\cdot \mathbb{R}^{n-k}$ $\mathbb{R}^{n}$ . , $\mathbb{R}^{n-k}$ ,
$\mathbb{R}^{n-k}\cross S^{k}$ .
, cohomogeneity one action .




13 $H$ $H’$ $M$ .
orbit-eqivalent , $H$ - H’-
, e.g., $\exists f\in \mathrm{I}\mathrm{s}\mathrm{o}\mathrm{m}(M)$ : $\forall p\in M,$ $f(H\cdot p)=H’\cdot f(p)$ .
1.4 $M$ cohomogeneity one action { , :
(i) $M$ , 2 .
(ii) $M$ , 1 , 1
.
1.5 cohomogeneity one action , 1 .
, $H$ $H$’ $M$ cohomogeneity one action ,
$H$- $H’$- orbit-equivalent
. , , .
.
2
$M$ , cohomogeneity one action
, . , ’ ”
, . .
21(Cartan [3]) $\mathrm{R}\mathrm{H}^{n}$ cohomogeneity one action , $n+1$
:
(i) $SO^{0}(n, 1)$ $N$ . ,
horosphere foliation .
(ii) $SO^{0}(n-1,1)$ . ,
$\mathbb{R}\mathrm{H}^{n-1}$ equidistant .
(iii) $SO^{0}(n-k, 1)\cross SO(k)$ . $\mathbb{R}\mathrm{H}^{n-k}$ ,
$\mathbb{R}\mathrm{H}^{n-k}\cross S^{k-1}$ .
, 12 .
2.2(Hsiang-Lawson [4]) $S^{n}$ cohomogeneity one action ,
2, $n+1$ 1:1 .
, $M=G/K$ , $T_{o}M$ $K$
. , ,
$M$ .
Kollross ([5]) , cohomogeneity one action
. ,
, . , $M$ cohomogeneity one action
.
107
23(Berndt-Tamaru [1]) $M$ , $G\ovalbox{\tt\small REJECT} KAN$ $M$
.
(i) AN 1 $M$ , cohomogendy
one action .
(ii) $M$ cohomogenedy one action (i)
.
(iii) $M$ cohomogeneity one action moduli
$(\mathbb{R}\mathrm{P}^{r-1}\cup\{1, \ldots, r\})/\mathrm{A}\mathrm{u}\mathrm{t}(DD)$
. , $r:=\mathrm{r}\mathrm{a}\mathrm{n}\mathrm{k}(M)$ , Aut(DD) Dynkin .
$r=1$ , Aut(DD) , cohomogeneity one action
moduli 2 . Cartan ( 2.1) .
$r\geq 2$ , cohomogeneity one action . ,
, .
, cohomogeneity one action ,
, 1 . ,
.
, . ,
cohomogeneity one action ,
. , Kollross




, cohomogeneity one action
.
3.1 $M=G/K$ , $M^{*}=G^{*}/K$
. 2 , 1:1 :
(i) { $F\subset M|F$ :cohomogeneity one action },
(ii) { $F^{*}\subset M^{*}|F^{*}$ : cohomogeneity one action }.
. (i) $F$ . $M=G/K$ $\mathfrak{g}=t+\mathrm{m}$




. , $N.(T_{o}F)$ $e$ $\ovalbox{\tt\small REJECT} F$ . ,
$\mathfrak{g}"\ovalbox{\tt\small REJECT}[+\ovalbox{\tt\small REJECT}\ovalbox{\tt\small REJECT}\ovalbox{\tt\small REJECT}$ .
$\mathfrak{h}^{*}:=N\mathrm{t}(T_{O}F)+\sqrt{-1}T_{o}F$
$G$ $H^{*}$ , $H^{*}$ $M^{*}$ cohomogeneity one action
, $F^{*}:=H^{*}\cdot \mathit{0}$ . (i) (ii) 1:1
. Q.E.D.
32 $\mathbb{R}\mathrm{H}^{n}$ $SO^{0}(n-k, 1)\cross SO(k)$ , $\mathbb{R}\mathrm{H}^{n-k}$
cohomogeneity one action . 3.1 [ , $S^{n}$
$S^{n-k}$ , SO(n–k+l) $\cross SO(k)$ .
3.3 Hsiang-Lawson ( 2.2) [ , cohomogendty one action ,
2 1:1 . SO(n-k+l) $\cross$ SO(k)
$S^{n}$ , $S^{n-k+1}\cross S^{k}$ .
34 3.1 , cohomogeneity one action { ,
. , $S^{n}$ SO(n–k+l) $\cross SO(k)$ , $S^{n-k}$
$S^{k-1}$ . $\mathbb{R}\mathrm{I}^{n}$
$\mathbb{R}\mathrm{H}^{n-k}$ $\mathbb{R}\mathrm{H}^{k-1}$ , $SO^{0}(n-k, 1)\cross SO(k)$ SO(n-k+l) $\mathrm{x}$ .
$SO^{0}(k-1,1)$ .
4Hermann reflective
( 3.1) , ,
cohomogeneity one action ,
. Kollross , case-by-case ,
, . , reflective .
4.1 $M$ $F$ reflective , $F$
$M$ .
4.2 reflective , .
43(Leung [6]) $F$ $M$ , $\mathit{0}\in F$ . , $F$
reflective , $T_{o}F$ , (LF) .
4.4 , oelrective $F$ , f’ ” F
reflective . , relrective $(F, F^{[perp]})$
.
reflective Leung ([6], [7]).
.
109
45( ) $G\ovalbox{\tt\small REJECT}(\mathrm{H}^{\mathrm{v}\mathrm{z}})$ $G\ovalbox{\tt\small REJECT}.(\mathrm{H}^{n-1})$ $S^{\ovalbox{\tt\small REJECT} k}$ ,
reflective .
. $G_{k}^{+}(\mathbb{R}^{n})=SO(n)/SO(k)\cross SO(n-k)$ . $\mathbb{R}^{k}\otimes \mathbb{R}^{n-k}$
,
$\mathbb{R}^{k}\otimes \mathbb{R}^{n-k}\cong(\mathbb{R}^{k-1}+\mathbb{R})\otimes \mathbb{R}^{n-k}\cong(\mathbb{R}^{k-1}\otimes \mathbb{R}^{n-k})+\mathbb{R}^{n-k}$
, $\mathbb{R}^{k-1}\otimes \mathrm{R}^{n-k}$ $\mathbb{R}^{n-k}$ .
$G_{k-1}^{+}(\mathbb{R}^{n-1})$ $S^{n-k}$ . Q.E.D.
$G_{k-1}^{+}(\mathbb{R}^{n-1})$ , SO(n-l) $G_{k}^{+}(\mathbb{R}^{n})$ .
Hermann .
4.6 $M=G/K$ $H$ Hermann ,
$(G, H)$ .
4.7 , reflective Hermann
.
. reflective , involution . Q.E.D.
4.8 $F$ . $F$ cohomogeneity
one Hermann , $F$ reflective
$\mathrm{r}\mathrm{a}\mathrm{n}\mathrm{k}(F^{[perp]})=1$ .
. cohomogeneity slice cohomogenity , slice $F^{[perp]}$
. Q.E.D.




Kollross , cohomogeneity one action
Hermann . , . Hermann
cohomogeneity one action , , case-by-case
. , .
5.1 $G_{2}/SO(4)$ $SU(3)$ cohomogeneity one . 2
$\mathbb{C}\mathrm{P}^{2}=SU(3)/U(2)$ $SU(3)/SO(3)$ , .
110
. , $SU(3)\cap SO(4)$ .
, $SU(3)\subset G_{2}$ , .
, . $\mathfrak{g}_{2}$ $\mathbb{R}^{7}$ . , $0\neq$
$v\in \mathbb{R}^{7}$
$\mathfrak{g}_{2}$ $su(3)$ . , sO(4) ,
sO(4) $\cong sp(1)+sp(1)$ $\mathbb{R}^{7}\cong sp(1)+\mathbb{H}$ . ,
$v\in sp(1)$ , $su(3)\cap so(4)=u(1)+sp(1)\cong u(2)$
$v\in \mathbb{H}$ , $su(3)\cap so(4)=sp(1)\cong so(3)$
, $su(3)\cap so(4)=u(1)$
. 2 , . Q.E.D.
5.2 $G_{3}^{+}(\mathbb{R}^{7})$ $G_{2}$ cohomogenedy one
, $G_{2}/SO(4)$ .
. sO(7) $\mathfrak{g}_{2}$-module sO(7) $=\mathfrak{g}_{2}+\mathbb{R}^{7}$ , $\mathfrak{g}_{2}$
$\mathfrak{h}$












, 1 $G_{2}/SO(4)$ ( ,
, $G_{2}$ ). cohomogeneity one
, slice sO(4) $V_{\alpha_{1}+\alpha_{2}}+V_{2\alpha_{1}+\alpha_{2}}\cong \mathbb{R}^{4}$ . Q.E.D.
6
, .
6.1 $M$ $F$ , cohomogeneity
one action , :
111
(1) $F$ $M$ reflective submanifold rank(F\perp ) $=1$ ,
(2) $G_{2}^{2}/SO(4)\subset G_{3}^{*}(\mathbb{R}^{7})=SO^{o}(3,4)/SO(3)SO(4)$,
(3) $G_{2}^{\mathbb{C}}/G_{2}\subset SO(7, \mathbb{C})/SO(7)$ ,
(4) $\mathbb{C}H^{2}\subset G_{2}^{2}/SO(4)$ ,
(5) $SL(3, \mathbb{R})/SO(3)\subset G_{2}^{2}/SO(4)$ ,
(6) $SL(3, \mathbb{C})/SU(3)\subset G_{2}^{\mathbb{C}}/G_{2}$ .
6.2 $M$ reflective $F$ , $\mathrm{r}\mathrm{a}\mathrm{n}\mathrm{k}(F^{[perp]})$ $=1$
, :
$G_{k}^{*}(\mathbb{R}^{n})(1<k<n-k, (k, n)\neq(2,2m), m>2):G_{k-1}^{*}(\mathbb{R}^{n-1}),$ $G_{k}^{*}(\mathbb{R}^{n-1})$
$G;(\mathbb{R}^{2k})(k\geq 4):G_{k-1}^{*}(\mathbb{R}^{2k-1})=G_{k}^{*}(\mathbb{R}^{2k-1})$
$G_{2}^{*}(\mathbb{R}^{2n})(n\geq 3):G_{1}^{*}(\mathbb{R}^{2n-1})=\mathbb{R}H^{2n-2},$ $G_{2}^{*}(\mathbb{R}^{2n-1}),$ $G_{1}^{*}(\mathbb{C}^{n})=\mathbb{C}H^{n-1}$
$G_{3}^{*}(\mathrm{F})=SL(4, \mathbb{R})/SO(4):G_{2}^{*}(\mathbb{R}^{5})=G_{3}^{*}(\mathbb{R}^{5}),$ $SL(3, \mathbb{R})/SO(3)\cross \mathbb{R}$
$G_{k}^{*}(\mathbb{C}^{n})(1<k<n-k, (k, n)\neq(2,2m), m>2):G_{k-1}^{*}(\alpha^{-1}),$ $G_{k}^{*}(\mathbb{C}^{n-1})$
$G_{k}^{*}(\sigma k)(k\geq 3):G_{k-1}^{*}(\mathbb{C}^{2k-1})=G_{k}^{*}(C^{k-1})$





$SL(n, \mathbb{R})/SO(n)$ ($n=3$ or $n\geq 5$) $:SL(n-1, \mathbb{R})/SO(n-1)\cross \mathbb{R}$
$SL(n, \mathbb{H})/Sp(n)(n\geq 4):SL(n-1, \mathbb{H})/Sp(n-1)\cross \mathbb{R}$
$SL(3, \mathbb{H})/Sp(3):SL(2, \mathbb{H})/Sp(2)\cross \mathbb{R}=\mathbb{R}H^{5}\cross \mathbb{R},$ $SL(3, \mathbb{C})/SU(3)$
SO(n, $\mathbb{H}$) $/U(n)(n\geq 5):$ SO(n-l, $\mathbb{H}$) $/U(n-1)$
$Sp(n, \mathbb{R})/U(n)(n\geq 3):Sp(n-1, \mathbb{R})/U(n-1)\cross \mathbb{R}H^{2}$
$SL(n, \mathbb{C})/SU(n)(n\geq 5):SL(n-1, \mathbb{C})/SU(n-1)\cross \mathbb{R}$
$SL(4, \mathbb{C})/SU(4)=SO(6, \mathbb{C})/SO(6):SL(3, \mathbb{C})/SU(3)\mathrm{x}\mathbb{R},$ SO$(\mathit{5}, \mathbb{C})/SO(5)$
$SL(3, \mathbb{C})/SU(3):SL(2, \mathbb{C})/SU(2)\cross \mathbb{R}=\mathrm{R}H^{3}\cross \mathbb{R},$ $SL(3, \mathbb{R})/SO(3)$
SO(n, $\mathbb{C}$) $/SO(n)$ ($n=5$ or $n\geq 7$) $:$ SO(n-l, $\mathbb{C}$) $/SO(n-1)$
$Sp(n, \mathbb{C})/Sp(n)(n\geq 3):Sp(n-1, \mathbb{C})/Sp(n-1)\cross Sp(1, \mathbb{C})/Sp(1)$
$E_{6}^{2}/SU(6)SU(2):F_{4}^{4}/Sp(3)SU(2)$
$E_{6}^{-14}/Spin(10)SO(2):\emptyset H^{2}$




mogeneity one action . ,




7.1 $G\ovalbox{\tt\small REJECT}(1\langle^{n})$ ,
cohomogeneity one action $\ovalbox{\tt\small REJECT}$
(i) $G_{k-1}^{+}(\mathbb{R}^{n-1})\subset G_{k}^{+}(\mathbb{R}^{n})$ ,
(ii) $G_{k}^{+}(\mathbb{R}^{n-1})\subset G_{k}^{+}(\mathbb{R}^{n})$,
(iii) $\mathbb{C}\mathrm{P}^{n-1}\subset G_{2}^{+}(\mathbb{R}^{2n})$ ,
(iv) $U(3)/SO(3)\subset G_{3}^{+}(\mathbb{R}^{6})$ ,
(v) $G_{2}/SO(4)\subset G_{3}^{+}(\mathbb{R}^{7})$ .
, (i) (vi) reflective , (v) reflective .
. (i) , 45 . (ii) ,
$\mathbb{R}^{k}\otimes \mathbb{R}^{n-k}\cong \mathbb{R}^{k}\otimes(\mathbb{R}^{n-k-1}+\mathbb{R})\cong(\mathbb{R}^{k}\otimes \mathbb{R}^{n-k-1})+\mathbb{R}^{k}$
. (iii)
$\mathbb{R}^{2}\otimes \mathbb{R}^{2n-2}\cong \mathbb{C}\otimes_{\mathrm{R}}\alpha^{-1}\cong \mathbb{C}^{n-1}+\mathbb{C}^{n-1}$
. reflective $F$ , $F=F^{[perp]}=\mathbb{C}\mathrm{P}^{n-1}$ .
(iv) ,
$\mathbb{R}^{3}\otimes \mathbb{R}^{3}\cong S^{2}(\mathbb{R}^{3})+\Lambda^{2}(\mathbb{R}^{3})$
2 . $S^{2}(\mathbb{R}^{3})$ reflective $U(3)/SO(3)$ ,
$\Lambda^{2}(\mathbb{R}^{3})$ SO(3) . SO(3) 1 . (v) 52
. Q.E.D.
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